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Ways to develop soft skills in pre-service mathematics and physics teachers
when studying certain topics of olympiad mathematics
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: method of using the properties of the definite integral of a certain function
© on a segment. It has been found that the most common methods of proving
: inequalities have wide possibilities in the context of development of soft
i skills. Each of the methods of proving inequalities discussed in the article is
. illustrated by relevant examples with detailed explanations. It is proved that
. this topic opens up wide opportunities for the acquisition and development
. of a number of soft skills. The research allows identifying specific ways to
¢ improve soft skills in pre-service mathematics and physics teachers, which
i are practically significant for further development of these professions when
¢ studying specific topics of the “Olympiad Mathematics” course: using group
: work formats during seminars, problem-based learning in mathematics,
¢ applying digital technologies in the study of Olympiad Mathematics, self-
: analysis and reflection, using mentoring support technology, public speaking
i during seminars with presentations of own solutions

Keywords: professional training of pre-service teachers; development of hard
¢ and soft skills; future masters of secondary education; study of Olympiad

: Mathematics; proving inequalities; techniques for proving inequalities

INTRODUCTION

The evolutionary processes caused by the transition of
humanity from an industrial to an information (post-in-
dustrial) society, as well as various challenges faced by the
world in recent years (russia’s military aggression against
Ukraine, the COVID-19 epidemic), which require the
transition to the use of various online learning platforms,
pose an acute problem for education to create modern ed-
ucational technologies and search for alternative forms of
education, develop an innovative strategy for teaching and
upbringing, etc. This means a radical change in the goals
and content of education, a transition from an educational
model aimed at developing knowledge, skills, and abilities
to the use of innovative educational models, which is possi-
ble only if the forms and methods of managing educational
processes are updated. With the transition to a post-indus-
trial society, the knowledge, skills, and competences that
future professionals must acquire in higher education in-
stitutions (HEIs) have undergone a significant transforma-
tion. The ability to use digital technologies and relevant ap-
plications, collectively referred to as digital literacy, as well
as foreign language skills, are moving from the category of
important qualities of modern professionals to the category
of instrumental skills and competences that are as neces-
sary as language literacy.

In the scientific discourse, the term “soft skills” is often
used, which is interpreted by Ukrainian scholars as “soft
skills”, “flexible skills”, “success skills, “social skills”, etc.
Unlike “hard skills” (which include specialized knowledge,
skills, and abilities required to perform specific professional
tasks), which are easier to define and measure, “soft skills”
are quite difficult to directly identify, test and demonstrate.
S. Keng (2023) studied the relationship between academic
performance (the degree of development of hard skills) and
soft skills. He concluded that soft skills can reduce differ-
ences in academic performance due to differences in cog-
nitive abilities. In particular, this is why stakeholders pay

attention to soft skills when hiring specialists and the ac-
creditation of HEI study programmes takes into account
how the study programme ensures the acquisition of soft
skills that meet the goals and learning outcomes of higher
education students during their studies at the HEI (Borodi-
na et al., 2020; Rudeshko, 2020; Munir, 2021). According
to N.A. Tarasenkova (2019), soft skills include a variety of
knowledge, skills, experience, and attitudes that cannot be
automated as a whole. These aspects can be manifested as
intuitive, non-verbalised forms of knowledge and skills,
and often require conscious and subconscious (sometimes
even superconscious) support in different situations. In
many cases, the use of soft skills involves the deployment
of a whole system of actions that may include both con-
scious and subconscious aspects, and partial verbalization,
at least for some of their fragments. The study by M. Danao
& K. Main (2023) identified 11 representative soft skills that
are not directly related to a specific industry as non-spe-
cialised, career-important supra-professional competen-
cies responsible for job success and high performance.
They include critical thinking, complex problem-solving,
creativity, interpersonal skills, people management skills,
judgement and decision-making, emotional intelligence,
customer focus, negotiation skills, and the ability to learn
new things quickly and easily.

Typical soft skills can be summarized as “4Cs” - col-
laboration, communication, creativity and critical thinking
(Thornhill-Miller et al., 2023). In the study by N. Foster &
A. Schleicher (2022) considered a theoretical model of cre-
ative thinking implemented at the level of specific tasks, as
well as possible ways to measure some aspects of creative
thinking. H. Tseng et al. (2019) studied the impact of soft
skills on the academic performance of business students in
online learning.

The problem of soft skills development is of particular
importance in the system of training pre-service teachers as
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the basis for the implementation of the professional stand-
ard of a teacher (Bezlyudna & Dudnyk, 2021), as in this case
soft skills and hard skills play an equal role, as emphasized
by (Agcami & Doganii, 2021). It is important to improve
teachers’ own professional skills through the development
of skills required for direct communication with children
within the school curriculum. Continuing this study, the
authors of this article aimed to explore the possibilities and
ways of developing soft skills of pre-service mathematics
and physics teachers during their professional training.

MATERIALS AND METHODS

To achieve the goal, the following research methods are
used: analysis of scientific literature, synthesis, formaliza-
tion of scientific sources, description, comparison, theoret-
ical generalization of own pedagogical experience of teach-
ing the course “Olympiad Mathematics” on the example of
studying the topic “Proof of Inequalities” within the Edu-
cational and Professional Programme Secondary Education
(Mathematics. Computer Science) (2022), Educational and
Professional Programme Secondary Education (Physics.
Mathematics) (2020) of the second (master’s) level of higher
education of Sumy State Pedagogical University named af-
ter D.D. Zhukovskyi. Methods such as analysis of scientific
literature and synthesis made it possible to determine the
basis of the study, namely: the term “soft skills” was stud-
ied, the components of “soft skills” were studied, the factors
influencing the formation of the overall complex of “soft
skills” were identified, and the factors that directly affect the
development of individual components of “soft skills” were
separately identified. By means of formalizing scientific
sources, a holistic view of the problem of developing soft
skills of pre-service mathematics and physics teachers has
been formed. In order to more fully cover the issue of de-
veloping soft skills of pre-service mathematics and physics
teachers, the object of the study was divided into two parts.
In the first part of the study, the authors investigated what
should be understood by the term “soft skills”, analysed the
ways of forming and developing soft skills in general and
which of them are relevant in the modern educational pro-
cess of professional training of pre-service mathematics and
physics teachers. In the second part of the study, the peda-
gogical experience of teaching the course “Olympiad Math-
ematics” at Sumy State Pedagogical University named after
A.S. Makarenko was studied by comparing the Educational
and Professional Programmes Secondary Education (Phys-
ics. Mathematics) of the second (master’s) level of higher
education. The article considers the possibilities of devel-
oping soft skills in pre-service mathematics and physics
teachers on the example of studying one of the key topics of
Olympiad Mathematics — the topic “Proof of Inequalities”

In the article, the authors describe the possibilities of
introducing tasks for self-solving using online mathemati-
cal calculators, ChatGPT 3.5 artificial intelligence technol-
ogy, and GeoGebra dynamic mathematics software. The
data obtained is the basis for making appropriate changes
to the educational process in the course “Olympiad Math-
ematics”. When working with students, we followed the

recommendations on the ethical aspect of conducting ped-
agogical research developed by reputable organizations, in
particular The Code of Ethics of the American Educational
Research Association (2011) and Ethical Guidelines for Ed-
ucational Research (2018). At the next stage of the study,
the method of theoretical generalization was used to de-
velop recommendations on the use of forms and methods
of teaching that would contribute to solving the problem
of forming and developing soft skills pre-service of mathe-
matics and physics teachers in the process of their profes-
sional training.

RESULTS AND DISCUSSION

One of the basic skills, the development of which is given
great attention in the system of training pre-service math-
ematics and physics teachers, is the ability to prove mathe-
matical statements. This skill includes, in particular: stud-
ying ready-made samples of mathematical proofs and the
ability to reproduce them; conducting proofs by analogy;
independent search for a method of proof; conducting a
proof using the specified method; the ability to analyse dif-
ferent methods of proof, compare them and determine the
advantages and disadvantages of each; the ability to choose
a more rational method of proof among several methods;
the ability to apply and synthesize specific mathematical
facts and methods in the course of reasoning; the ability to
use digital tools and tools for checking hypotheses; and the
ability to use the tools to verify hypotheses. In addition, a
pre-service mathematics teacher should not only be able to
prove the theorems of the school mathematics course and
mathematical statements provided for in the school curric-
ulum, but also be able to “convey” these proofs to students,
teach them to conduct similar reasoning on their own, and
correctly point out students’ mistakes. Thus, the ability to
prove mathematical statements harmoniously combines
hard skills and soft skills.

Author L. Lippman et al. (2015) identify five groups of
soft skills:

® cognitive competences (innovative thinking, critical
thinking, intellectual workload management, digital skills,
self-education skills);

@ social competences (interpersonal skills, leadership
skills, social intelligence, responsibility);

® communication competences (communication skills
and ethics);

o self-management skills (ability to control behaviour
and manage emotions, ability to direct and focus attention,
time management);

e positive self-esteem skills (emotional intelligence,
empathy).

G. Dufty & T. Gallagher (2017) emphasize the impor-
tance of acquiring and developing a range of soft skills
related to communication, including the ability to defend
one’s point of view, argue, and the ability to ask construc-
tive questions in the course of collective activities. The
development of the ability to prove mathematical state-
ments in pre-service mathematics teachers takes place
in all fundamental mathematics courses and in certain
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methodological disciplines (for example, in the courses
“Methods of Teaching Mathematics’, “Methods of Teach-
ing Physics”, “Elementary Mathematics”, “Selected Issues
of the School Physics Course”, etc.) However, exceptional
opportunities for the development of both this skill and
related soft skills are provided by the course “Olympiad
Mathematics”, which is part of the programmes for the
training of teachers of mathematics in Secondary Educa-
tion (Mathematics. Computer Science) (2022) and physics
Secondary Education (Physics. Mathematics) (2020) of the
second (master’s) level of higher education of Sumy State
Pedagogical University named after A.S. Makarenko. This
course is based on the hard skills of pre-service mathemat-
ics teachers mathematics teachers (knowledge of elemen-
tary mathematics, number theory, mathematical analysis,
ability to apply them to solving typical problems), and
on the other hand, it requires a certain level of soft skills
(well-developed mathematical intuition, critical thinking,
ability to apply knowledge in non-standard situations,
ability to apply heuristic techniques, including the use of
digital technologies, high level of communication skills,
etc.) The ability to solve non-standard problems indicates
a deep mastery of the mathematical apparatus, which in
many cases is much more important than the so-called
“pure knowledge” that can always be replenished.

Next, it is worth considering the prospects of develop-
ing soft skills in pre-service mathematics and physics teach-
ers on the example of studying one of the basic topics of
Olympiad Mathematics — “Proof of Inequalities”. The tasks
for proving inequalities are quite complex and have a high
heuristic load. They allow for a deeper consolidation of a
wide range of theoretical issues studied in the school math-
ematics course (inequality theory, equivalence of transfor-
mations, properties of functions, application of derivatives
and integrals, geometric and vector inequalities and evalu-
ations, etc.), contribute to the formation of critical thinking
(in this case, the ability to critically analyse information,
see logical connections and violations of logic in the proof
of statements, the ability to indicate the grounds for errors
and correct them, argue their opinions, the availability of
justification for the statements, etc. It is for these reasons
that tasks involving the proof of inequalities are popular
among numerous mathematical competitions and contests.

Shyshenko et al.

In the proof of inequalities, general methods of prov-
ing mathematical statements are used (the method from
the opposite, analytical and/or synthetic method, method
of mathematical induction), special methods of proving ine-
qualities (by definition of inequality, strengthening or weak-
ening of inequality, reduction to obvious or well-known or
classical inequalities, etc.), as well as artificial techniques
based on the properties of vectors, sequences, number series,
certain properties of functions (monotonicity, boundedness,
convexity up or down), the use of derivative and definite in-
tegral, various geometric estimates and characteristics. The
above list is rather arbitrary, and in practice it is often nec-
essary to combine several methods simultaneously. Among
the common approaches used in proving inequalities are
the following: transforming one or both parts of the inequali-
ty to a form convenient for its further proof; using the method
of substitution (for example, replacing the variables includ-
ed in the correct inequality with some expressions in order
to obtain the desired inequality); considering a special case
with further generalization of the idea of proof; breaking the
inequality into several simpler ones and proving the latter;
generalizing the inequality to be proved (for example, by the
number of variables) - in some cases, the study of a gener-
al statement requires less effort than a partial one. Special
ideas and techniques for transforming inequalities used
to prove them include: adding the same expression to both
parts of a correct inequality; adding or multiplying several
correct inequalities of the same sign by parts; strengthening
(respectively, weakening) inequalities; and using classical in-
equalities. Let’s consider the specifics of applying some of
these methods and techniques to proving inequalities in
the context of development of soft skills. One of the most
popular methods of proving inequalities is the method of
strengthening (weakening) the inequality.

1. Strengthening (weakening) inequality.

This method is used to one degree or another in prov-
ing many inequalities, and consists in the fact that to prove
an inequality a < b, two inequalities are proved: a < ¢ and
c<b. It is worth considering the application of this method
on an example.

Example 1. Prove the inequality:

The left part of the inequality is to be strengthened as
follows:

3 3
6+ /6+...+ 6+V6+ |6+ /6+...+3\/6+3\/6<5. (1)

2023

2024

The next idea is to use the method of mathematical induction.

\/6+‘/6+...+\/6+\/€+3\/6+ 3,/6+...+3\/6+§/€<

2023

2024

<j6+,/6+...+x/6+\/§+ 3\]6+ f/6+...+3\/6+ V8<V9+V8=3+2=5. )

2023

2024
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2. Application of the method of mathematical
induction.

The method of mathematical induction is used to prove
mathematical statements that depend on a natural (rare-
ly, an integer) parameter, and are true for all values of this
parameter. This method is based on the principle of math-
ematical induction: let some statement T(n), that depends
on the natural n, be true for n=1 (or for n=n;, n €N), and
from the assumption that it is true for n=k follows its truth
for natural n=k + 1, then this statement is true for all natural
n (with all natural n > n respectively).

Example 2. Prove that for arbitrary natural n>2, ine-
quality is fulfilled:

2—2+ ey = <1—— (3)

Lets apply the method of mathematical induction
and check the truth of the statement for n = 2. Since
1 1 1 . . .

72 = 7 < 1-3, the inequality is correct.

22
Suppose that the inequality holds for n=k, i.e.:
1 1 1 1
2—2+3—2+"'+k—2<1—;, (4)

and it will be proved that the inequality is correct for
n=k+1:

1 1 1 1 1 1
2ttt tate <t =
supposing that <1—%
_ -(k+1)%+k -k(k+1)-1 _
=1+ k(k+1)2 1+ k(k+1)2
1 1 1
= I e < ey (5)

i.e., the inequality is valid for n =k + 1. Therefore, according
to the principle of mathematical induction, this inequality
holds for an arbitrary one natural n>2. In the third step,
when transforming the inequality, the assumptions of in-
duction and amplification by discarding the negative mul-
tiplier were used. The method of mathematical induction
is a fairly standard algorithm for proving mathematical
statements, however, when performing an inductive tran-
sition in tasks for proving inequalities, the ability to “see”
the desired result and discard the extra is largely used, and
these are soft skills.

It is worth paying attention to one interesting modifi-
cation of the method of mathematical induction - Malik-
ov’s method, which greatly simplifies the verification of the
statement at the inductive step. Its practical application to
the proof of inequalities is based on the verification of the
fulfilment of statements of one of the following schemes.

Scheme 1. Let n € N, and the conditions are fulfilled:

l.a>b, fork>0

2.a —a>b _-b atn>k
n+l n n+l n

Thena >b foreveryn>k.

Scheme 2. Let n € N, all terms of sequences a_and b, be
positive and the conditions are fulfilled:

l.a>b, fork=0

a b.
2. > latn>k
n n

Thena >b foreveryn>k.
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It is worth applying Malikov’s method to prove the
inequality from example 1:

1 1 1 1
—2+—2+"’+—2< 1—‘;7’122-

It is worth using scheme 1 and cons1der1ng sequenc-
es with general terms a, = 1—— by=g+z+ "+
n > 2. Since a, =1-=, b, = 212, a, > b2 It is worth con—
sidering the dlﬁerences

1 1
o=y = 1= () = -5 = oy
1
brs1=bn = (2_2 e ) T
1 1 1 1
st ) S e (©)

1 1
and Ani1—An = m > W =9b P b then by the

Mahkovs method a > b, for an arbitrary natural n>2,ie.,
1-2> 4o+t

Thus, Malikov’s method is simpler compared to the
method of mathematical induction, although its applica-
tion requires the ability to “see” the required sequences. It
should be noted that the direct use of the method of math-
ematical induction (as well as Malikov’s method) to prove
the specified type of inequalities is not always possible, es-
pecially if one of the parts of the inequality is a number. It
is worth considering the following task as an illustration.

Example 3. Prove that for arbitrary natural n>2 ine-
quality is fulfilled:

— et <1 )

1
n-(n—-1)
In this case, when proving the inequality by the meth-
od of mathematical induction, at the stage of performing
the inductive step, the following is obtained:
1 1 1 1 1
2Tt T e Trewn < 1+ Kkt 1)’ (®)
supposing that <1

and further strengthening of the inequality, as in the pre-
vious example, is impossible. In such cases, it is advisable
to use either more accurate estimates or other methods of
proof. In this regard, we will consider the following method.

3. Conversion of the common term into sums and
its evaluation.

This method involves transforming (evaluating, re-
placing, or the same transformation) the common term of
the sum appearing in the inequality so that it can be calcu-
lated directly.

Example 4. Prove that for arbitrary natural n > 2
inequality is fulfilled:

1

— 4. + >— 9)

n+1 n+2

It is worth replacing each fraction of the amount on
the left part of the inequality with a smaller % > %, k<2n:

b >t 4 =n— = (10)
n+1 n+2 2n 2n 2n 2n 2n

n

which had to be proved.

”, Vol. 10, No. 1



It is worth returning to example 3 and writing the
general term on the left part of the inequality in the form:
m = "% Next, each term of the sum is replaced
with the specified difference, the following is obtained:

1 1 1
Gttt = (103
1 1 1
+(E")+ +((n 1)_2)_1‘Z<1' (1)
which had to be proved.

When proving the above inequality, it is possible to use
one more non-standard technique in the context of this
topic, related to the use of digital technologies. It is worth
finding the amount on the left part of the inequality using
an online calculator (Fig. 1).

i 1 -1
Sxx-1) _n
Partial sums

Sx

@ Enlarge ¥, Data @ Customize A Plain Text

0.8
0.6
0.4

0.2

Figure 1. Using an online calculator to solve
the inequality from example 2
Source: WolframAlpha (n.d)

Therefore, the sum of the express1on on the left par;t
n—

of the inequality is equal to E tat e teaon T
, and the inequality itself follows from the obvious es-
timate n%l < 1 for all n>2. An obvious advantage of us-
ing an online calculator is the opportunity to see how to
prove this inequality At the same time, proving the iden-
tity 1—12 += 3+ Goom = o for example, by the same
method of mathematlcal 1nduct10n or replacmg the k term
of the sum by the difference . — (k 3 E 1, is a much
simpler task than proving an inequality.

In this case, the ability to correctly and motivatedly ap-
ply digital technologies when proving inequalities contrib-
utes to the development of mathematical intuition and can
be fully classified as soft skills. For this purpose, we offer
students to analyse the solution of example 3 with the help
of artificial intelligence technology ChatGPT 3.5 among
tasks for independent solving. It should be noted that
ChatGPT mainly uses the method of mathematical induc-
tion to solve problems for proving inequalities. However, it
is example 3 that the system solves by replacing the term
of the sum with a difference DRI % (Fig. 2). How-
ever, the analysis of the solution, proposed by ChatGPT
3.5 artificial intelligence technology shows that the system
incorrectly applies the decomposition and does not “see”
terms with opposite signs, which should cancel each oth-
er out. This is where the mistake in the proof comes from,

Scientific Bulletin of Mukachevo State University. Series “Pedagogy and Psychology’
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which the students must explain and correct on their own
(Fig. 3).

"For any natural number n > 2 prove the inequality:

g+t m<l-i

n*
Let's decompose the left part:
L il

n*

First, using the fact that i < ﬁ forany k > 2.

It follows that = _, > ]\(}\ ) forall k> 2.

Now we apply this inequality for every k from 2 to n:

1 1 1 1 1 1 =
gtgtotm<grtzt--+amy

n? n(n—1)

Figure 2. Solution of example 3
using artificial intelligence technology ChatGPT 3.5

"Many terms in the middle part cancel out:

! kel D)

L
22T152+"' n?

el bl i-alte

n n n

Now, if we add L to both sides of the inequality, we get:

1 s oL
?-’._T_IF+ +1:-+ <

<G ETR

n

)+

==

After simplification, we obtain:

b L o ln
ptetatmt s <l-0v

Figure 3. Mistake in solving task 3
using ChatGPT 3.5 artificial intelligence technology

The task of finding mistakes in inequality proofs has
several useful aspects for students: developing critical
thinking, enriching understanding of the topic, increas-
ing responsibility, increasing the level of mastery of the
material, which correlate with the task of developing the
soft skills of pre-service mathematics and physics teachers
by means of Olympiad mathematics. Such tasks stimulate
students to carefully read and understand the material, as
well as to identify possible flaws or inaccuracies in the log-
ic of proofs, which contributes to the development of their
critical thinking and analytical skills. By looking for mis-
takes in proofs, students deepen their understanding of the
material, which can help them improve their understand-
ing of the theory or concepts they are studying. The task of
finding mistakes increases students’” responsibility for their
learning, as they learn to independently check and analyse
the learning material to identify possible errors. Howev-
er, the ability to detect mistakes in logic and reasoning is
an important skill in many areas of both professional and
everyday life, including scientific research, programming,
and others. Also, identifying and correcting mistakes can
improve the level of understanding of the material. In gen-
eral, the task of finding mistakes in proofs is an effective
tool for stimulating learning and developing students’ cog-
nitive sKkills.

' Vol. 10, No. 1
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We also pay attention to the fact that the inequalities
from examples 2 and 3 make it possible to generate a whole
series of new inequalities, in particular~

1)Pr0vethatfornENn>2 »ts +---+%<1.

1
2) Prove that forn € N,n > 2: —1+ x +---+m<3 niﬂ
3) Prove that for n € N,n > 2: 1—+?+-'-+20232 <z
4) Prove that forn € N,n > 2: —+1 s+ ---+m jozls
5)Provethatforn € N,n > 2: —+ TR +m<ﬁ

The proof of inequalities 1)-2) can be carried out either
by the methods specified above, or by using the results of
examples 1 and 2 in combination to strengthen 1nequaht1es
For example, to prove the 1nequahty, o+t ;<1

1
we evaluate the general term: ;5 < 5—5:

2—2+3—2+"‘+ﬁ< + + +(n D (12)

Since the right part of the inequality is less than 1, the
left side will also be less than 1.

To prove the inequalities 3)-5), it is necessary to first
apply the transition to the general problem by introducing
the variable #, and carry out the proof of the following in-
equalities:

W 1 1 1 3
3 )—+—+ +—<— forneN,n>2;
4)—+ LA e < lformneN,n=>2
5) ot t——— <" forn€N,n > 2
n(n-1) n

It is worth considering another heuristic technique,
which uses the idea of strengthening inequalities.

4. Evaluation of terms of the product and introduc-
tion of an additional factor.

Quite often, when proving inequalities that contain
products, the following idea can work: to prove an inequal-
ity a < b for positive a and b, prove the inequality ab < b*
(or a®>< b?, or a*< ab).

It is worth considering the application of this method
on an example.

n(n 1)

f(x) = sin(v/x) — =

sin(x)

- [nput...

Let’s replace each term of the product with a larger
fraction:

1.2 3 _4 5 _6 2n-1 _ 2n
S<t s, 2
2 3"4 576 7777 2n 2n+1’ (14)
and multiply the given inequalities
1 3 5 2n-1 2 4 2n 15
2 4 6 2n 3 57 2n+1 ( )
A B

We have A <B. It is worth multiplying both parts by
A>0: A’<AB, from where A <VAB or:

L — A< 4B =

_ 123 4 5 2n-1 2n _ 1
2 3 45 6 7 2n 2n+1 2n+1

which must be proved.

It is worth considering the application of properties
of functions to proving inequalities. In this context, the
properties of boundedness and monotonicity of functions,
finding the largest and smallest values, using the derivative,
constructing graphic images of the function, etc. are useful.
As an illustration, consider the use of a graph of a function
to estimate its values on a given interval.

Example 6. Prove that for 0 < x < g the inequality is
fulfilled:

J__ (16)

sinVx<Vsinx. (17)

It is worth considering the function y = sin Vx < Vsin x
and examining its sign at the specified interval. To plot the
graph of this function, we will use the dynamic mathemat-
ics software GeoGebra (Fig. 4).

Figure 4. Application of the GeoGebra environment to solving example 5

Source: GeoGebra (n.d)

Since 0 < x < g the specified function takes on nega-
tive values, when sin Vx-Vsinx <0, sinVx < Vsin x.

It is worth noting that the given method allows “con-
structing” several obvious inequalities:

6) Prove that in V2 -Vsin 2;
7) Prove that (Vcos 1 <Vsin(cos1);
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8) Prove that sin\/i2 +2> Jsin (i2 +2), neN.,
n n

Of course, a strict justification for graphing a function
y =sinVx < Vsin x should be done using the derivative, but
using the capabilities of GeoGebra gives a hint as to exactly
how to proceed in this case. It was presented another method
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of proving inequalities, which is based on estimates of inte-
gral sums and the use of properties of the definite integral
of some function on the segment.

5. Use of integral properties for monotonic func-
tions.

The use of this method is largely based on the mono-
tonicity property of the integral, the mean value theorem,
the value of the integral of monotonic and convex func-
tions, etc. It is worth considering the application of these
ideas on examples.

Example 7. Prove that for there is an inequality

—1>x+—

To prove thls inequality, it is worth applying the mono-
tonicity property of the integral for continuous functions: if
the functions f(x) and g(x) are continuous and f(x) < g(x),
where x € [a;b]:

[ fde < [ g(dat. (18)
a a

At x>0 we have an obvious inequality e*> 1. Let's take
g(x) =¢ flx) =1. Then, according to the above property of
monotonicity of the integral for functions f(x)and g(x), we
obtainfy e‘dt = [; 1dt, from where e_>x+1 for any x>0.

Using the same method to the inequality ex>x+ 1, we
obtain:

foxetdt > fox(l +t)dtore* —12> x+§. (19)

Example 8. Prove that for any natural n:

1 1 1
E+2_3+"'+;<2' (20)

Let’s write the left part of the inequality in the form:
1,1 1 1
1_3+2_3+”.+F= 1+2—3(2—1)+'“
1 1
t=Mm-n-1))=1+X,5k—-(k-1).21)

It is worth entering the function f(x) = % and divid-
ing the segment [1, n] points x, =k, k=1,2,. nonn of equal
parts of length 1. Then the expression Y-, 13 (k (k—=1))
is equal to the sum of the areas of rectangles built on
segments [k - 1 k] as on foundations with elevations
fox)=F ) =

As it is known, for a continuous, positive and decreas-
ing function f(x) on the interval [a, b] there is an inequality
(which follows from the method of rectangles):

s F () Gt — i) < [, f(2)dx <

< X=2 f Oek-1) Ok — Xg—1). (22)
Since the function y = x% at x>0 is decreasing, contin-
uous and positive:

14+, (k—(k—-1) <1+ [[Z=

= —_—— [ — 2’

(23)

which had to be proved.
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The proof of the last inequality can be carried out in
another way, using the evaluation of the common term of
the left part, followed by the representation of the resulting
fraction in the form of a difference (example 2):

1 1 1 1

F<w<mn T k=23, 9
Then:
%+i+...+i<i+i+...+%+...+%<

<1+_+ +k(k D -1

:1+(1——)+ A (E-)

+((n11) )=2--<2. (25)

Therefore, — = + 5+ - + 5 < 2 for all natural #.

The use of the propertles of the integral to prove ine-
qualities provides a wide range of possibilities for creating
new inequalities. For this purpose, both the above meth-
ods and various estimates of areas and volumes, which are
direct applications of the definite integral, are used. As the
authors’ own experience shows, the problem of developing
soft skills of pre-service mathematics and physics teach-
ers can be effectively solved by studying the course of Ol-
ympiad Mathematics. In their previous studies (Lukash-
ova et al., 2022; Lukashova et al., 2023), the authors also
reveal the possibilities of developing soft skills within the
educational components of programmes for the training
of pre-service mathematics and physics teachers, which
include heuristic workload. This study is consistent with
the research by E.O. Cardoso-Espinosa et al. (2021) on the
development of mathematical software skills at the higher
education level through project-based learning in times of
COVID-19. In particular, the expediency of group work
during seminars is confirmed: it is advisable to organize
group work of students on solving Olympiad tasks, as joint
work contributes to the development of communication
skills, the ability to cooperate and resolve conflicts. The
group form of work allows including elements of personal
development training in the course of Olympiad mathe-
matics, which will help pre-service mathematics and phys-
ics teachers to understand and develop their soft skills,
such as leadership, tolerance, and teamwork. The study
confirms the experience of active learning of business stu-
dents by D. Gil-Domenech & J. Berbegal-Mirabent (2020)
and ideas on how to make learning mathematics mean-
ingful. In particular, the authors found that problem-based
learning of mathematics is appropriate, as the use of Ol-
ympiad-level problems often requires creativity, critical
thinking and complex problem-solving, which contributes
to the development of soft skills in pre-service teachers.
As the results show, the study fully supports the work of
C.M.A. Pinto et al. (2022) on ways to develop soft skills in
students, in particular through the use of digital technol-
ogies: studying a course in Olympiad mathematics allows
integrating the use of modern digital technologies into
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teaching through the use of video lectures on the study
of theoretical material, virtual graphing tools, interactive
platforms, which can make learning more attractive and
contribute to the development of technological and com-
munication skills.

This study is consistent with the research by R.Y. Styt-
syuk et al. (2022), as mathematics learning has a high
potential for development of soft skills. In particular, it
is advisable to encourage pre-service mathematics and
physics teachers to conduct self-analysis and reflection on
their learning and development of soft skills. This will also
contribute to the development of self-improvement and
self-management. The use of Olympiad mathematics as a
basis for soft skills development helps to create a compre-
hensive approach to learning that contributes to the for-
mation of not only mathematical knowledge but also key
competences for pre-service teachers. The study confirms
the findings of P. Zimmermann et al. (2018) on the use of
project-based learning and STEM education technologies
for the development of soft skills. Indeed, studying a course
in Olympiad Mathematics allows the use of mentoring
technology, where students with a higher level of learning
capabilities or a mathematics teacher can help students de-
velop both professional and personal skills, and such forms
of organizing students’ learning activities as public speak-
ing during seminars to present their solutions or teaching
theoretical material for a task encourage them to overcome
internal barriers to public speaking, which can help them to
develop soft skills. In their previous studies (Lukashova et
al., 2022; Lukashova et al., 2023), the authors studied the
possibilities of developing soft skills within the educational
components of the EPP for pre-service mathematics and
physics teachers, including those that involve a significant
heuristic component. This study confirmed that the educa-
tional components of these programmes (in particular, Al-
gebra and Number Theory and Elementary Mathematics)
contribute to the formation and development of both hard
skills (thorough knowledge of a number of sections of ele-
mentary mathematics, higher algebra and number theory,
the ability to apply them to solving basic problems, mastery
of methods of proving inequalities, etc:

e ingenuity (ability to apply knowledge in atypical situ-
ations; ability to create ideas for proof, ability to apply heu-
ristic techniques and methods, in particular, with the use of
digital technologies);

o critical thinking (the ability to critically perceive and
analyse information, to see logical connections in the proof
of statements and their violations, the ability to rationally
choose a particular method of proving an inequality, the
ability to “see” the idea that gives the key to the solution; the
ability to ask appropriate questions during the joint proof
of inequalities in practical and seminar classes, the abili-
ty to analyse, justify and evaluate different approaches and
methods of proof, the ability to identify errors and correct
them, the presence of doubts);

® communication (ability to prove one’s position, justi-
fy why a particular method of proof was chosen, be able to

explain why other methods cannot be used to solve a given
inequality);

o time management skills in determining deadlines for
individual and homework assignments, etc., the ability to
use their time rationally;

o the ability to learn independently (a significant part
of the hours is allocated for self-study).

The results of the study show the expediency of group
work, the use of group presentations to develop cooper-
ation and teamwork skills of pre-service teachers. This
approach is in line with current trends in education and
supports the introduction of digital technologies to ensure
effective learning.

CONCLUSIONS

The study notes that over the past 5 years, stakeholders
in the accreditation of educational programmes of higher
education institutions have been increasingly paying atten-
tion to such qualities of pre-service teachers as soft skills
— abilities and skills that allow them to perform work ef-
fectively, creatively and efficiently. These are the qualities
a pre-service teacher should have, as this is a profession in
which soft skills and hard skills are equally important. In
this context, mastering fundamental mathematical disci-
plines in the professional training of pre-service teachers
should include the development of a balance between hard
and soft skills.

The study examines the interpretation of the term “soft
skills”, analyses the components of soft skills, identifies the
factors that influence the formation of the overall soft skills
complex, and separately identifies the factors that direct-
ly affect the development of individual components of soft
skills. The results of the study demonstrate different ways
to solve the problem of developing soft skills of pre-ser-
vice mathematics and physics teachers. For example, when
studying the topic “Proof of Inequalities”, the development
of soft skills is greatly facilitated by organizing students’
work in groups (both in seminars and at home), using
problem-based learning in mathematics, using digital tech-
nologies both for modelling the problem and for analysing
the finished solution generated by a chatbot with artificial
intelligence, using mentoring technologies, public speak-
ing and presenting their own solutions, self-analysis, and
reflection. At the same time, the study highlights the pecu-
liarities of applying the following methods and techniques
to the proof of inequalities in the context of development
of soft skills: the method of strengthening (weakening) ine-
quality, the method of mathematical induction, the Malik-
ov’s method, the method of converting the common term
in sums and its evaluation, the method of evaluating the
terms of the product and introducing an additional factor,
the method of applying the properties of functions to the
proof of inequalities, the method of using the properties
of the definite integral of a certain function on a segment.

Through theoretical generalization of their own ped-
agogical experience, the authors have determined that
the ability to correctly and motivatedly apply digital
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technologies in proving inequalities contributes to the  in studying the peculiarities of development of soft skills
development of mathematical intuition and can be fully = of mathematics and physics teachers during their in-ser-
attributed to soft skills. The ways of developing soft skills  vice training.
of pre-service mathematics and physics teachers of in the

process of studying the topic “Proof of Inequalities” are

illustrated by the use of such digital tools as online math-  There is none.
ematical calculators, artificial intelligence technologies

ChatGPT 3.5, and dynamic mathematics software Geo- CONFLICT OF INTEREST
Gebra. The authors see the prospects for further research  There is none.
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LLinsaxu po3BuTtkKy soft skills y mainbyTHix yuntenie matemaTuku
Ta ¢i3MKnN Npu BUBYEHHi OKpEeMUX TEM OJliMNiagHOT MaTeMaTUKKN

Anortauisi. PosButok soft skills y mait6yTHix BumTeniB JomoMarae migBUIIUTY AKICTb HaBYaHHA, CTBOPUTH IIO3UTHBHE
ceperoBullle B Kaci Ta 3a0esmeynTy iHAMBifyamizoBaHumil minxif fo HaByaHHA. IHTerpamia soft skills, soxpema
THYYKIiCTb Ta 3[0aTHICTb IPUCTOCYBAHHA [0 3MiH, JOIIOMarae BYUMTENI0 e(peKTUBHO pearyBaTi Ha HOBi MeTO/M HaBYaHHS,
TeXHOJIOTiYHi iHHOBaIJil Ta BUMOTU CY4aCHOTO OCBiTHBOTO CepefoBMIa. ABTOPaMI JaHOI CTaTTi 6yna IIOCTaBJ/IeHa MeTa
TOCTIINTY MOXIUBOCTI po3BUTKY soft skills y Me>xax 0cBITHIX KOMIIOHEHT IIporpaMu IiATOTOBKY Mall0yTHIX y4uTeNiB
MaTeMaTyKy Ta ¢pisuky. MeTofo/mIori4Hy OCHOBY HOC/IiIXKeHH CKJIa/IV aHaJli3 HAYKOBOi TiTepaTypu, CMHTe3, popMarisanisa
HAYKOBMX JIPKEPeJl, OIINC, 3iCTaB/IEHHs, TEOPETIUYHE y3ara/lbHEHHs B/IACHOIO IIEJarOriYHOTO JOCBily BUK/IAJaHHA KypCy
«OnimmiajHa MaTeMaTyKa». Pe3ybpraTu HOCIIKEHHS PO3KPMBAIOTH HesAKi crocobu pos3sutky soft skills maitbyTnix
MaricTpiB cepenHboi ocBiTi CyMCBKOTO JIep)KaBHOTO IlefarorivHoro yHiBepcutery imeni A.C. MakapeHka y mporeci
BMBYeHHA Kypcy «OniMitiagHa MaTeMaruka». IIpy IboMy cepeli pisHUX TeM Kypcy 6y/10 BUOKpeM/IEHO TeMy «[loBefleHHA
HepiBHOCTel». PO3KpUTO 0COOMMBOCTI 3aCTOCYBaHHA TaKMX METOAIB Ta IIPUIIOMIB 1O HOBEleHHA HEpPiBHOCTe!l B
KOHTEKCTi po3BUTKY soft skills: MeTon mifcunennsa (mocmabneHH:A) HepiBHOCTI, METOR MaTeMaTWYHOI iHAYKIii, MeTOf
MajikoBa, MeTOJ, IEepeTBOPEHHA 3arajlbHOrO WiIeHa B CyMaX Ta JIOrO OLiHKa, MeTOJ, OLiHKM WIeHiB JOOyTKy Ta
BBEJIeHHA JIOJaTKOBOT'O MHOXKHMKA, METOJl 3aCTOCYBaHH: BJIACTUBOCTell (YHKII 1O [OBeeHHS HepiBHOCTeNl, METO
BMKOPYICTAHHAM BJIaCTYBOCTEI B3HAUYEHOT0 iHTerpasa feskoi GyHKIil Ha Binpisky. 3’s1coBaHO, 110 HailOi/IbII oM peH]
IIPUIIOMY IOBEJIeHHA HepiBHOCTeIT MAIOTh IIMPOKi MOXIMBOCTI B KOHTeKCTi po3BUTKY soft skills. Koxxen 3 posrnanyTnx
Y CTaTTi METOMIB NOBENEHHA HEPIBHOCTEN IPOIIIOCTPOBAHO BiJIIOBIIHMMM IIPUK/IAZAMM 3 JeTa/AbHUMU IOACHEHHAMMA.
JloBefneHo, 110 KaHa TeMa BiIKpyBa€ IMPOKi MOXIMBOCTI /I HAOYTTA Ta po3BUTKY Liinoi Husku soft skills. Tocmimkenna
TO3BOJII€ BU3HAYUTI KOHKpeTHi criocobu mokpauteHHs soft skills y maiiOyTHix BunTeniB MareMaTuku Ta ¢pisuku, 1o
MAIOTbh IIPaKTIYHEe 3HAYEHHA [/IA IIOfIa/IbIIOTO PO3SBUTKY LMX IIpocecili Ipy BUBYEHHI OKpeMMX TeM Kypcy «OnimmiagHa
MaTeMaTyKa»: BUKOPUCTAaHHSA I'PYHOBUX POpM poOOTH Iif] yac IpOBefieHHA CeMiHapChKIX 3aHATD, IPO0O/IeMHe BUBYCHHA
MaTeMaTUKV, 3aCTOCYBaHHA IV(PPOBMX TEXHOJOTIM Iij 4ac BUBYEHHS OMiMIiafjHOI MaTeMaTMKM, CaMOaHasi3 Ta
pedrrexcis, BUKOPUCTAHHSA TeXHOJIOT{l MEHTOPCHKOI MATPUMKY, ITyOIiYHi BUCTYIN IIiJl Yac IIPOBEJeHH: CeMiHapChKIX
3aHATD 3 IPECTABTIEHHAM BIACHIX PO3B'sI3KiB

Kniouosi cnoea: mpodeciiiHa mifroroBka MaitOyTHiX y4uTesiB; pO3BUTOK TBEPAMX Ta M SAKUX HaBUYOK; MailOyTHi
MATiCTpM CePefHbOI OCBITV; BMBYEHHA OJIIMIIIafIHOI MaTeMaTUKV; HOBENEHHA HEPIBHOCTEN; IPUIOMMN NOBENEHHA
HEepPIBHOCTEN
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